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In recent years the derivatives and integrals introduced by P. L. Butzer
and H. J. Wagner 11] have been widely discussed in the literature. In
Walsh-Fourier analysis and approximation theory they play a very
important role. In 1977, C. W. Onneweer 14] introduced a kind of derivative
of fractional order and obtained some intersting results, but they are not a
generalization of the preceding derivatives. The aim of the present paper is to
generalize the Butzer and Wagner derivatives and integrals to the case of
fractional order. In this paper we give their definition and, under this new
definition, establish some of the basic properties given in the case of integral
order by Butzer and Wagner \1\, Pal and Simon 161, etc. As applications to
approximation theory, we generalize a Jackson-type theorem and Bernstein
type theorem given by Watari [10 I, Butzer and Wagner [2,8] to the case of
fractional order, and estimate the degree of approximation by the typical
means of the Walsh-Fourier series.

The generalized "Walsh functions" studied in this paper were also
considered by BHneHKHH [131.

1. SYMBOLS

__ (a) Lct 1N:={l,2,... }; 1P:={O,I,2,... }; miEIN-Uf,
limJ---->oomk<oo; Mo:=l, Mr::::::::mom,o··m r _.• , rEN; I... j :-

{O, 1,... , m j - I}; then each x E [0, 1) has a unique expansion
x = L};: 1 xjMj- I (Xj E Il'J, and each kElP has a unique expansion
k = Lbo kjMj (k E Il'J.

(b) Let X = L~ I x;M; I, y = L)': I Y;Mj- I (X;, Yj E IJ'J,

x 0:) y := ~ (X; + Y; - aJ M j I

;-c j
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where

U j =°
=m i
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if x j + .vi < m i ,

if xj + .vi'? mi'

If mi = m, j E IP, then the symbol c±l is called the addition modulo m.

(c) qJk(x):=exp(2ni)/(mk)Xbl (xE[O,I), i=/-1, kE ):
IJIk(X) := Il/ 0 (qJj(x)\ where k = Li 0 kiMi. k i E Zi' D,J,) := 2:.7 0

1 liI)x).
Fn(x) := 1/11 L.:7 1 Di(x).

(d) X:= X [0, I) := WC! 0, I) or U' [0, I) (I ~ p < ex)).

ilf[I,:= sup II(x)l,
o x- I

-.1 I

:= (I II(x)i fJ dX)
,'(J

if x= we

if X=U'.

where WC!O. 1):= UI sUPo,-x I II(x (f) h) - I(x)I-' °as h ---> Of·
(e) IfIE X[O, I), gEL 110. I), (/ * g)(x) := .I)J(x@ t)f{t) dt.

(f) ForIEXIO, I), letI(k):=J(\f(t)~(i)dt.

(g) w(o):= w(f, 0) := w(X, j: 0) := SUPO"h b III(' @ h) - I(· )11,·
Lip 13 := Lip(X, 13) := U E X I w(X, I, 0) = 0(011 ), 0 ---> °f· lip 13 := lip(X, 13) :=
U E X Iw(X, I, 0) = 0(08

), 0 ---> 0). En(/):= En(X, f) := infp E will - Pnll \'
where W n denotes the set of all Walsh polynomials of order"~I1:' i.e., W n :=

UEL'[O, 1)II-(k)=O. k'?l1f·

2. DEFINITION AND PROPERTIES OF DERIVATIVE (INTEGRAL)

In [II, Butzer and Wagner gave the following definition of the dyadic

derivative:

DEFINITION A. Let I E X 10, I),

dJ(X)=+>~2
j

[/(X)-I(x@ 2}q) J, (I)

where c±l is the addition modulo 2; if there exists g E XI 0, I) such that
limn .,x II dJ(·) - I(· )11, = 0, then g is called the (strong) derivative off

In 17, II I Zhen Weixing et al. gave the following definition of the m-adic
derivative:
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DEFINITION B. Let f E XIO, 1),

n m I

dnf(x)= \' mk ~ a;f(x(f)jm- k- I
).

k~ 0 j 0

where (f) is the addition modulo m, and
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(2)

m-l
aj =-2-'

-2ni
exp--j-l

m

j=O,

j = 1, 2,... , m - 1.

If there exists g E XI 0, 1) such that limno:x: II dnf(· ) - g(. )11 = 0, then g is
called the (strong) derivative of f

In 151 Onneweer gave the following definition of the lm;~~adic derivative:

DEFINITION C. Let f E XI 0, 1),

n m·-I m.-I--('-k._)' ( k
_ \' \' -I \' __ __._ .d,J(x)- _ M j _ 1m; _!Pj f x(f) M ),

jO '0 kO M jll ' j+1

(3)

if there exists a g such that limn ~ ex: II dnf(- ) - g(. )11 = 0, then g is called the
(strong) derivative off, and denoted by DIJIj.

Formula (3) may be reduced to

where

n --I m,; I ( k
- \' "dnf(x) - _ M; _ a;kf x (f) --),

j - 0 k II M; + I

(4 )

-2ni
exp--k-l

mj

In fact,

k = 0, j = 0, I, 2,... , n - I,

k= 1,2,... ,m;-I,j=0, 1,...,n-1.

m·- I (k) , mi- I
\' llm!p -- = 11m. \' le~-(hi/m)k{=a.. ,
- ] J M J _ ]k
{~II jt I {cO

j = 0, I.... , n - 1, k = 0, I,... , m; - I.
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Obviously, Definition B is more general than Definition A, and
Definition C than Definition B.

In [1) Butzer and Wagner also gave a definition of the integral for the
case m; = 2, j E P; it is also suited to that of m; in the general case. The
integral off can be defined as III 'i := WI * f, where WI E L' (0, 1) and

W~(k)= I

=k I

if k = a.

if kE N.

Now we give a definition of derivative and integral of fractional order,
which is a generalization of the preceding definitions of derivative and
integral of integral order.

To simplify our statements hereafter. in this paper we define 0" = 1 if
a~a.

DEFINITION 1. Letf E X(a. 1). a E IH, T;")(t) := L Ii' 0
1 k"lf/k(t); if there

exists g E xla. 1) such that lim, of II(T~.a) "f)(-) - g(- )11, = 0, then if a> 0,
g is called the (strong) derivative of order a of fin xla, I); if a < a. g is
called the (strong) integral of order (-a) off in X[ 0, I). In both cases, g will
be denoted by raj:

THEOREM I.

( I )

(2)

T(a) are linear operators for a E II .

kE II.

(3) If T(<l'ljE X[a, 1). then (T("'ljf(k) = kUf-(k), k E

(4) If a> a. T(")f = a<c> f = canst.; if a = 0, T(U)f = a<c> f = a.

Proof, (1) and (2) are trivial in view of the definition.

(3) If T(u'Ij E XI 0, 1), i.e.. [1(/ T~u»)(. ) - T("f(- )11, ---> a (r ---> co), then
(T(u'ljf(k) = k"fA(k), kElP.

(4) Assume a > 0; if T("'Ij = a. then k('f~(k) = 0, k E ,i.e.,f- (k) = 0,
kEN. thus f = canst. Conversely, iff = canst, then by definition, T(uf = a.
For a < a. the proof is analogous.

LEMMA 1. If a < 0, then T~u}(t) converges to a function T~;'}(t) in
XI 0, 1), and

(T~:;)f(k) = kU• k E ;1 ;
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Proof Applying Abel's transform twice, we get, assuming s > r> 0,
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l1.\-1 ,U s -3

= ~ k"Wk(t)= \' [k"-2(k+I)"+(k+2)"I(k+l)F1,+I(t)
k cc ll, k ~- ,II,
- [M~ - (M.. + I)"] M,FII (t)

, ,~

+ [(M,-2)" -(M,-I)"](M,-I)FII I(t)
, . ,

- M~ D II (t) + (M, - 1)" D'II (t) .. r . ' s

On the other hand (see 161), since

IIDII(·)II/,= 1;
" '

M~ - (Mr + 1)" = O(M~-l);

IIFk(-)IIL' = 0(1);

(Ms - 2)" - (Ms - 1)" = O(M~ ~ I);

.11,-3 M,-3

\~ Ik"-2(k+l)"+(k+l)"](k+l)=0(1) \' k" I=O(M~).
k~M, k~M,

Thus,
as r,s-> 00. (5 )

Therefore by the completeness of L '10, 1), there exists T~)(t) EL' [0, 1)
such that

as r -> 00. (6)

It is obvious by (5) and (6) that (T~>f(k)=k" and
II T~")(- ) - T<;;>(. )IIL 1 = O(M~).

The following simple lemma is a counterpart of Lemma 2 in 12 J; it plays
an important role in this paper.

LEMMA 2. Assume f E X(O, I) and let Wet) be a Walsh polynomial of
order <AIr; then

III; f(· (f) t) CPr(ty Wet) dt Ilx = w (X, f, ~J II W(t)IIL" k E {l, 2,... , m.. - If·

Proof Let x E 10, 1), i E l r, then

.1

1= I f(xffit)~r(t)kW(t)dt
• 0

= (f (x ffi t (f) _i-) CPr (t (f)'i) k W (t ffi J )dt
o() M r+1 M r+ 1 r+1
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i.e.,

Thus,
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IIIllx~-1 Ilm,,-:.1 e-(Z'fi/m,l}'j (" (±)_J_")IIII W(t)III.1
mr J~o M r + 1 x

= _I II m\-:.I e(hi/m,l}k r1(- (±) _J_" ) - 1(· )111 .. II W(t)IIII
m r J cc 0 l. M r+ I . "\

~ W (X,j, ~r ) II Willi.

LEMMA 3. Assume IExlo, I), a?O, s>r?O; then IIT~(l)"'I-

T~a) *Illx = 0(1) L:::~ w(j, IIM{) Mi. In particular, II T;a) '" III, =
O(l)L:;:~W(j, 11M,) Mi·

Proof

II ~a) *I ~ T~a) *Illx

By applying Abel's transform twice, we have

[~~I (jM, + kt~k(t) 11/
1

= II J:~~3 I(jM, + k)" - 2(jM{ + k + I)a + (jM, + k + 2)" j(k + I) Fk+ l(t)

+ [((j+ I)M,-2)a-I(j+ I)M{-I)aj(M{-I)F\1/I(t)

- I(j + I) M,- IlaD~f/(t) 111
1

= O(M/). (7)
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Therefore, II T~") *I - T~") *Illx = 0(1) I:r~; w(j, IIM /) Mi·

367

j 0

<,.w

LEMMA 4. If IEXIO,l], a>O, Ms<,.n<Ms+1 ' g(t)=L~=~,M,

(n" - kit) lj/k(t), then II(g *f)(-)llx = O( 1) w(X, j, 11M,) M~.

Proof Let n = I:J=o GjMj (Gj E lj' j = 0, 1,... , s, a, *- 0). Then

n-I

g(t) = \' (n" - k") lj//t)
k=a\.'H.,

S (J,_r-1 Go;./H\.+OI_[!'\.f\·_I-T····+a, rIIM.\.. rfl+U+1).H, ,.-1

=\' \' \' (n"--ka)lj/k(t)
k=a/d\+os 1,.\-1.\ \+. :-:-+O,·-r+l''\.I\ r+J+j.H\ ,

0\ r-I

= ~ qJs(t)O, ... qJs-r+ l(t)O, rll \' qJs_,(t)'
r c:::: I

.-H
"

r- 1

X \' [n"-(a,Ms+"'+Gs_r+IMs_r+i+jM, r+k)"jlj/k(t).

By Lemma 2, we have

II (g * f)(t)llx

(
X, f, _1_) ,> a,\,- 1

M s r=1 ;=0

X \\II~\<lln"-(a,M,+ ... +a,r+IM,_r+1 +jM,-r+k)"]lj/k(0L,

= w (X,f, ~J r\'1 o>~1 1

X IIII>'~ 112(GsMs + ... + a,_r+ 1M,_r+ 1+ jM,_r + k - 1)"

-(a,M,+'" +a,.rIIM"PI +k+2)"I(k+ l)Fkll (t)

+ I(a, Ms+ + a, _r+ 1Ms_r+ 1+ (j + 1) Ms_r - 1)"

- (a,Ms + + a,_r+ 1M,_r+ 1+ (j + 1) M s_r - 2)" \(M,_r - 1) F II , ,(t)

+ 'n" - (G sMs+ ... + a, _r+ 1M, _r+ 1+ (j + 1) M, - r - 1)" ID I1 , ,<t) III ,
_ ( ( 1·) \' "-0 l)w x, 1, M, ;-;1 (M,

= 0(1) w (X, 1, ~J M~.
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LEMMA S. If ray E: xlO, 1), a > 0, then

(1) w(f 1/Mr) = 0(1) IIM~w(1'(a1. IIMr).

(2) w(1'("1. IIMr) = 0(1) L~ r w(j; 1/Mr) MI'

Proof (I) Let 0:( h < 1/Mr. By Theorem 1 (3), we have

If(xCB h) - f(x)I~(k) = I(n" ,,> - 1'~ ,,» * (1'("~f(x (f) h) - 1'("1(x))I~(k),

k E: .
I.C..

f(x CB h)f(x) = (1'(, ,,> -- 1'~ ,,» * (1'("1(x CB h) - 1'("1(x)).

Therefore, by Lemma I. we have w(j; 1/Mr) = 0(1 )(IIM~)w(1'("1. IIMr).

(2) Since w(1'("1. IIM r) :( 2EII (1'("1) :( 2 It 1'("1 1'~(» f II, :(
2111'("1 - 1';"> * fllx + 211 1'~"> * f - T;"> * f - 1'~"> *fll" by Lemma 3, wc
get for s--'> 00. w(1'("1.1/Mr)=0(1)L~rw(f 1/M{) MI'

LEMMA 6. Iffor f E Xlo. I) there exists g E XIO. 1) such that kef (k) =
g-(k), a> 0, k E!P, thenf = nx~">" g +f~(O).

Proof Since (1'~-"> * gf(k) = k "k"f-(k), we have f= 1'~f ,,)
g+f~(O).

THEOREM 2. If a<O. fEXIO,l). then 1'(">./'EXIO, l) and
1'("y = 1'("1 = 1'(~> * f

Proof By Lemma I. 1'~~> ELI 10, I), thus 1'(,,> * f E XI 0. 1). Moreover.

(r ---> 00 ),

This completes the proof.

By this theorem and Lemma i we get immediately

COROLLARY 2.1. 1'(-1>./' = III~; where 1111 is the integral operator
introduced by Butzer and Wagner.

THEOREM 3. If a> 0, U(,,> := U E XIO, I) 11'("1 E XIO. l)f;

f

where a{ > 0, '\' a{ < 00;
{ 1
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Theorem 2 and
Therefore, since
have T(n)T(/3'>j =

Proof Suppose f E u\a). By Lemma 3, we have II T~a) * f - T~a) * fllx =
O(I)L:=;w(f,IIMI)Mf=O(I)L:~;al->O (r,s-> 00). By the com
pleteness of XIO, 1), there exists g E XI 0, 1) such that II T~a) * f - g Ilx -> °
(r -> 00), i.e.,j E u(a).

Suppose fE u(a). By Lemma 5, we have w(f, IIM r ) = O(I)(IIM~')

w(T(a'>j, IIM r ) = O(IIM~), i.e.,j E u~n).

COROLLARY 3.1. If °< a < fJ, then U(8) clip fJ c u(n) clip a.

THEOREM 4. Let f E XIO, I), nf(x) dx = 0. If one of the following two
conditions holds, then T(a)T(/3'>j = T(a + 6'>j.

(I) a <°and T(/3'>j E Xl 0, I).

(2) a> °and T(a+6'>jE XIO, I) or T(/3'>j. T(n)T(/3'>jE XIO, I)

(cf Theorem 3 and Corollary 4 in 141.)

Proof (1 ) If a <0, T(/3'>j E X I0, I), then by
Corollary 3.1, we have T(a)T(/3'>j, T(n+6'>jEXIO,I).
(T(a)T(/3'>jf(k)=kaHf~(k)=(T(ntIJ'>jf(k), kE IP, we
T(n+ 6'>j.

(2) If a>O, T(a+Il'>jEXlo, I), then T(/3)fEXIO,I), thus by
T~a) * T(Il'>j= T~n+Il'>j and T(n+Il'>jE XIO, I), we get T(n)T(/3'>jE XIO, I). If
T(6'>j, T(a) T(6'>j E XI 0, I), then by T~n) * T(/3'>j = T~n +6'>j, we know
T(n +Il'>j E XI 0, I). Therefore, since (T(a) T(/3'>jf(k) = k

fl
+ '1'- (k) =

(T(flH'>jf(k), we get T(fl)T(6'>j= T(nlll'>j.

THEOREM 5. If a >° and f E XI 0, I), the following statements are
equivalent:

(I) T(n'>j= gEXIO, I).

(2) There exists g E XIO, I) such that g~(k) = knf-(k), kElP.

(3) There exists g E XIO, I) such that f = T(-fl)g + f~ (0)

(cf Corollary I and 3 in 14 D.
Proof Assertion (2) follows from (1) by Theorem 1, (3) follows from (2)

by Lemma 6, and (I) follows from (3) by Theorem 4.

COROLLARY 5.1. T(l'>jEXIO, 1)<=>D/1~EXIO, I); in this event T(I'>j=
D11'f.

Proof By Theorem 5 T(l'>j = g E XIO, I) is equivalent to g~ (k) =
k . f- (k) (k E IP). On the other hand it is proved in 16) that the last
equality is equivalent to D[Ilj= g E XIO, 1).
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3. ApPLICATIONS

First we give a generalization of the Jackson-type and Bernstein-type
theorems given in the case a = °by Watari 1101, and a E ~ by Butzer and
Wagner 12,81.

THEOREM 6. If 7'''f E Lip(X, fJ), a) 0, fJ> 0, then EII(X. f) =
O(lln" +6).

Proof Let M,. ~ n < M,.+ 1; then by 1141 and Lemma 5 we have

(
I· I ( I )En(f)~EH,(f)~w J:-)=O(I)-"w T{"1:-.

M,. M,. M,.

( I· (I·-0 -- -0 --
- M~+ll)- n"+13)'

THEOREM 7. If fEXlo, I), E,JX,f)=O(lln ll
), fJ>a)O, then

7''')f E Lip (X, fJ - a).

Proof Let M,.~n<M"Tl; then w(j; I/M,.)~2EII,U)=0(IIM~).By
Corollary 3.1, we have T{"f E X[O, I). Moreover, by Lemma 5,

(
I "I '

w T«l),-)=O(I) \' w (J:-)M7=0(1) \' EII/f)M;'
M, (,. . .M( ( ,.

(l . I'
=0(1) \' M(l·;l=O (--).

,-, ( M~ ".

For any 6 > 0, let IIM,.+ 1~ 6 < 11M,.; then w(7'''}f 6) ~ w(T{n}f, 11M ,.) =
O(IIM~ ") = 0(66 -"), i.e., 7'''f E Lip(X,(J - a).

Below we discuss the degree of approximation by the typical means of the
Walsh-Fourier series.

DEFINITION 2. LetfE XIO, I), Kn.\(t) = LZ-l~11 .. - (kin) \ I I;;k (i), A > 0,
then

,1

Rn.),(f,x)=f* Kn.l(x)= I I(xGt)Kn.\(t)dt
'0

are called the typical means of the Walsh-Fourier series off

THEOREM 8. If T{"f E X[O, I), a) 0, A> 0, then, for M, ~ n < M, 11'

IIRn.l(f, ·)-f(·)llx=O(I)(lln·l)l:':; ow(T(">.f, IIM,)M,l (l
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by (7). as well as

II

{/, ~- 1 ,\(, - 1 II
= \' /*rp( \' (jM,+k)l1Jfk
ilk 0 I

= O(I)w(I/M,)M·,I.

it follows that IIRn ..I(f,·)-/(·)llx=(O(I)/n\)L~; ow(f,I/M{)M/=
(O(I)/nl

) L:rco w(T<al, I/M,) Mil "

THEOREM 9. 1/ /EXlo, I). A>O, then AI/=IIRI/.1(f·)-/(·)III-->O
(n --> 00).

Proof Let M,(n<Ms + 1 ' Since (l/n")L.:; oM/(L;o(M{/MJI(
1 +(l/21 )+(1/4·')+ ... +(I/yl)(c< 00, we have L11/=O(I)(I/n l )
L;~ow(f, I/M,) Mil = O(l)(I/L.:; oMil)L;~oW(f, I/M{)M/. It is easy to
see that the transformation of the sequence {w(I/M{)f into the sequence
{(l/L;~oM()L.:; ow(f, I/M,) Mil f is regular. Therefore, since w(l/M{)--> °
(l --> 00), we get .11/ --> °(n --> 00).
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THEOREM 10. If rn)f E Lip(X, (3), a ) 0, (3 > 0, ), > 0, then

!IR I1 .\(.l·)-f(-)llx=O (~)
n ,

= 0 (~--)
n l

if a + fJ < A,

if u +(3 = A,

if u + (i > k

Proof Let M, ~ n < M\+ I: then by Theorem 8, LI" = R I1 .\U:·)
/(')llx=(O(I)/n\)'; ow(T(n'j.I/M{)Mil fl. Ifa+(J<Ie. then

0(1) \ I 0(1) ,
LI =-- \' _M,l "=- \' M,l " .,

" n.\ {-o I'vf? I n\ {I)

M ,\"

(M: )
If a + (i = A, then

_ 0(1) \'" 0 (' S) ('Inn)Ll
I1
--- M I =0 - =0 -- .

n'\ II) n,l , n'\ ,

If u + (3 > Ie, then

_ 0(1) <, _1_ In = 0(1) \' M'{\ " /1 = 0 ('_1_').Ll I1 - I (J M{ \ \
11' {I) M{ n' II) , n

The above results have been obtained in the case (1 = 0. °< fJ < 1. A= I
by Yano 191 and Eqn1MoB1141, and for a = 0, fJ = I, A= 1 by 6J1fOMI1H
1121·
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